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On the Statistics of Spectral Amplitudes After
Variance Reduction by Temporal Cepstrum
Smoothing and Cepstral Nulling
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Abstract—In this paper, we derive the signal power bias that
arises when spectral amplitudes are smoothed by reducing their
variance in the cepstral domain (often referred to as cepstral
smoothing) and develop a power bias compensation method. We
show that if y-distributed spectral amplitudes are smoothed in
the cepstral domain, the resulting smoothed spectral amplitudes
are also approximately x-distributed but with more degrees of
freedom and less signal power. The key finding for the proposed
power bias compensation method is that the degrees of freedom
of -distributed spectral amplitudes are directly related to their
average cepstral variance. Furthermore, this work gives new
insights into the statistics of the cepstral coefficients derived from
x-distributed spectral amplitudes using tapered spectral analysis
windows. We derive explicit expressions for the variance and
covariance of correlated x-distributed spectral amplitudes and
the resulting cepstral coefficients, parameterized by the degrees of
freedom. The results in this work allow for a cepstral smoothing
of spectral quantities without affecting their signal power. As
we assume the parameterized x-distribution for the spectral
amplitudes, the results hold for Gaussian, super-Gaussian, and
sub-Gaussian distributed complex spectral coefficients. The pro-
posed bias compensation method is computationally inexpensive
and shown to work very well for white and colored signals, as well
as for rectangular and tapered spectral analysis windows.

Index Terms—Bias compensation, cepstral analysis, smoothing
methods, time-frequency analysis.

I. INTRODUCTION

N many applications of statistical signal processing, a vari-
I ance reduction of spectral quantities derived from time do-
main signals, such as the periodogram, is required [1], [2]. If a
spectral quantity P is x2-distributed

1 [/ I
P)=— (—) Prle (——P)7 1
p(P) 0w \o oxp (=~ (1)
with 2 u degrees of freedom, mean E{P} = o2, and vari-

ance var{ P} = o/, it is well known that a moving average
smoothing of P over time and/or frequency results in an approx-
imately y2-distributed random variable with the same mean and
an increase in the degrees of freedom that goes along with the
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decreased variance [3], [4]. The x2-distribution holds exactly
if the averaged values of P are uncorrelated. A drawback of
smoothing in the frequency domain is that the temporal and/or
frequency resolution is reduced. In speech processing this may
not be desired as the temporal smoothing smears speech on-
sets and frequency smoothing reduces the resolution of speech
harmonics. It has been recently shown that reducing the vari-
ance of spectral quantities in the cepstral domain outperforms
a smoothing in the spectral domain because specific character-
istics of speech signals can be taken into account [5], [6]. In
the cepstral domain, speech is mainly represented by the lower
cepstral coefficients that represent the spectral envelope, and a
peak in the upper cepstral coefficients that represents the fun-
damental frequency and its harmonics [7]. Therefore, a vari-
ance reduction can be applied to the remaining cepstral coeffi-
cients without distorting the speech signal. In general, a cepstral
variance reduction (CVR) can be achieved by either selectively
smoothing cepstral coefficients over time [temporal cepstrum
smoothing (TCS)] [5], [6], or by setting those cepstral coeffi-
cients to zero that are below a certain variance threshold [cep-
stral nulling (CN)] [8], [9]. A comprehensive analysis of TCS is
given in [10].

However, the application of an unbiased smoothing process
in the cepstral domain leads to a bias in the spectral domain:
the CVR does not only change the variance of a y2-distributed
spectral random variable P, but also its mean E{ P} = o2, If
P = |S|? is the periodogram of a complex-valued zero-mean
variable S for instance, changing the mean of the periodogram
F{|S|?} changes the signal power of S. As this is usually an
undesired side effect of CVR, in this work we present a frame-
work to compensate for the bias in signal power. Further, we
show that the distribution of spectral amplitudes after CVR can
be well approximated by a y-distribution. As opposed to the
bias correction in [10], the bias correction proposed here also
holds for spectrally correlated spectral coefficients, is computa-
tionally far less expensive, and is applicable to both TCS and
CN.

After the definition of the cepstrum in Section II, we dis-
cuss the statistical properties of the log-periodogram and of cep-
stral coefficients in Section III for several spectral analysis win-
dows. In Section IV, we show how the degrees of freedom after
CVR can be determined and how the signal power bias can be
compensated. This procedure is summarized in Algorithm 1. In
Section V, we discuss the mean of the cepstral coefficients. In
Section VI, we apply the proposed bias compensation in a prac-
tical scenario. Section VII concludes this paper.
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II. DEFINITION OF CEPSTRAL COEFFICIENTS

We consider the cepstral coefficients derived from the dis-
crete short-time Fourier transform Sy, (1) of a discrete time do-
main signal s(n), where n is the discrete time index, k is the
discrete frequency index, and [ is the segment index. After seg-
mentation the time domain signal is weighted with a window
w,, and transformed into the discrete Fourier domain, as

N-1
Si(l) = Z wns(IL + n) e™12mkn/N )

n=0

where L is the number of samples between segments, and V is
the segment size. The inverse discrete Fourier transform of the
logarithm of the periodogram yields the cepstral coefficients

N—-1

sall) = 5 3 To(|Si(DP)e e/ )
k=0

where ¢ is the cepstral index, also known as the quefrency
index [11]. As the log-periodogram is real-valued, the cep-
strum is symmetric with respect to ¢ = N/2. Therefore, in
the following we will only discuss the lower symmetric part
qg € {0,1,...,N/2}. For improved readability, we drop the
segment index | wherever possible.

III. STATISTICAL PROPERTIES OF THE log-PERIODOGRAM AND
CEPSTRAL COEFFICIENTS

It is well known that for a Gaussian time domain signal
s(n), the spectral coefficients Sy are complex Gaussian
distributed and the spectral amplitudes |Si| are Rayleigh dis-
tributed, i.e., x-distributed with two degrees of freedom for
ke {1,...,N/2—1,N/2+1,...,N — 1}, and with one
degree of freedom at k € {0, N/2}. The x-distribution is given
by

I
2

where 2 p are the degrees of freedom, Uf’ » = E{|Sk|*}, and
I(-) is the complete gamma function [12, (8.31)]. The distri-
bution of the periodogram P, = |S|? is then found to be the
x2-distribution [13],

m
1 _
p(Pk) = m (%) P]f 1 exp (—JITL’CP[C> . 5

If the time domain signal s(n) is not Gaussian distributed, the
complex spectral coefficients are asymptotically Gaussian dis-
tributed for large N [14]. However, for segment sizes used in
common speech processing frameworks, it can be shown that
the complex spectral coefficients of speech signals are super-
Gaussian distributed [15], [16]. In fact, choosing . < 1 in (4)
may yield a better fit to the distribution of speech spectral am-
plitudes than a Rayleigh distribution (un = 1) [17], [18]. Re-
sults in this paper are derived for arbitrary values of y, and thus
hold for complex Gaussian distributed spectral coefficients Sy,
ie., p = 1, complex super-Gaussian distributed spectral coef-
ficients 1 < 1 and complex sub-Gaussian distributed spectral
coefficients ¢4+ > 1. In a practical scenario, p should be chosen
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so that (4) fits the empirical distribution of the spectral ampli-
tudes of the considered signal. However, we show in this work
that u can also be estimated from the empirical variance of cep-
stral coefficients (cf. Algorithm 1, step 1).

To compute the variance of the cepstral coefficients we first
derive the variance of the log-periodogram,

var{log(Pr)} = B (logP)*} — (E{log ) })*. (6)

With (5) and [12, (4.352.1)], the expected value of the log-pe-
riodogram can be derived as

E{log P} = y(1) — log(p) + log (02 ) (7

where ¢ - ) is the psi-function [12, (8.360)]. The first term on
the right-hand side of (6) can be derived using [12, (4.358.2)]

F{(logPy)?} = () ~log() + log (62,))* + ¢(2,1) (®)

where ((-,-) is Riemann’s zeta-function [12, (9.521.1)]. With
(6), (7), and (8), the variance of the log-periodogram kg results
in

ko = var{log Pr} = ((2, ). )

This is a generalization of the results in [19], where the vari-
ance of the log-periodogram was derived for the special case of
Gaussian-distributed random variables, i.e., u = 1.

As shown in Appendix A, the covariance of the cepstral co-
efficients can be obtained by taking a two dimensional discrete
Fourier transform of the covariance of the log-periodogram as

| NNt

COV{5417842} = m Z Z COV{IOg(Pkl),
ko=0k1=0

log (sz)} ejzwﬂthkle—]%r@kz (10)
where ki,ks € {0,...,N —1} are frequency indices,
and ¢i1,92 € {0,...,N/2} are quefrency indices. For
large N, we may neglect the fact that at &k € {0,N/2}
the variance var{(logPy)} = ((2,1/2) is larger than
for k£ € {1,...,N/2—1,N/2+1,...,N —1} where
var{logPr} = ((2,1) = Ko. If the frequency bins are un-
correlated, i.e., cov{logPy,,logP,} = 0 for k1 # ko, the
covariance of the cepstral coefficients results in

%507 Q1ZQ2;Q1€{1>---7%_1}
%507 q1=q2,q1 € {07%}
07 q1 7éq2

a1

with ko defined in (9). Note that a tapered spectral analysis
window w,, in (2) results in a correlation of adjacent frequency
bins. Since in (11) uncorrelated frequency bins are assumed, this
result holds only for rectangular spectral analysis windows. Ta-
pered spectral analysis windows and correlated spectral coeffi-
cients are treated in the following.

COV{S(I17S¢12} =

A. Correlated Spectral Coefficients

While in [19] and (11) only rectangular spectral analysis
windows w,, were considered, we now discuss the statistics
of the log-periodogram and cepstral coefficients for tapered
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spectral analysis windows as used in many speech processing
algorithms.

While for uncorrelated spectral coefficients we have p de-
grees of freedom for k € {0, N/2} and 2  degrees of freedom
fork € {1,...,N/2—-1,N/2+1,...,N — 1}, the correla-
tion introduced by a tapered spectral analys1s window results in
areduction of the degrees of freedom, and thus a higher variance
for the log-periodogram bins adjacent to k = 0 and k = N/2.
As for large N this hardly affects the cepstral coefficients, the
effect is insignificant here. A derivation of the log-spectral vari-
ances is given in [20] for the special case ;4 = 1 and different
spectral analysis windows w,, .

However, the correlation of adjacent frequency coefficients

p2 — |E{Sksz+m} |2
" E{SkPYE(ISk4m |}
greatly affects the variance of cepstral coefficients.

The resulting covariance of the logarithm of two periodogram
bins

12)

Km = cov{log(Py),10g(Prtm)}

is derived below. As shown in Appendix B, for large N and a
given k,,, the covariance of cepstral coefficients s,, and s, for
correlated data results in (13), shown at the bottom of the page,
where M denotes the number of nonzero covariance values k,, .
It can be seen that cepstral coefficients are asymptotically uncor-
related for large IV, even if log-periodogram bins are correlated.
The cepstral variance is given as the diagonal of the covariance
matrix, as (14), shown at the bottom of the page.

To derive the covariance of two log-periodogram bins &,
we extend the y2-distribution (5) to the bivariate y2-distribu-
tion of two correlated periodogram bins Py, = |Sk|? and Py, =
| Sk 1 |? with the correlation p,,, defined in (12). This distribu-
tion can be found, e.g., in [21, Theorem 2.1], as

p(Pkl'/PkQ)
prtprt
= 2 /() (1— p2,)" ¢
n n+1
—_ 2 | n kl k2
1—pz, n.F(2 + ,u)

Pley +Pky
2(1-r7)
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Note that the infinite sum in (15) can also be expressed in terms
of the hypergeometric function [22]. With ky = k, ky = k+m,
(15), [12, (4.352.1)], and [12, (3.381.4)], we find

Km = coflog(Py),log(Pr4m)}
= E{log(Pk) log(Prtm)}
— E{log(Px) }E{log(Prtm) }
[e'e) oo 2
= Z An,u,pm (Bn“u,pm (Z T 1y Pm n H,Pm) (16)
n=0 n=0
where
1—p2)" re)r(z +
P (2\/%/;(!2) (1 + (_1)n)2npnm ( 2 )n|( 2 N’)
(17
Boppr, = 1/)(/1, + g) + log (2 (1 - P?n)) (18)

and p,,, as defined in (12). This is a generalization of the results
in [23, (6)] and [23, (20)] where the covariance is given for the
special cases 4 = 1 and u = 1/2, respectively. With (16), the
covariance k., of log-periodogram bins, and thus the covariance
of cepstral coefficients (13), can be determined.

From above derivations we see that the covariance of cep-
stral coefficients depends only on the degrees of freedom 2 p of
x-distributed spectral amplitudes and the correlation between
spectral coefficients p,,. Specifically, the covariance of the cep-
stral coefficients is independent of the signal power, the spectral
shape, and the segment index [.In Appendix C we show that
for a Hann window and a kol R a kR O'S ka1 the normal-
ized correlation results in p; = 2/3 and p2 = 1 /6. Hence, for a
Hann window and p = 1 we have x; = 0.507 and ko = 0.028.

The cepstral variance for 1+ = 1 and the rectangular window
(km = 0,m € {1,...,M}) or the Hann window (k1 =
0.507, ke = 0.028,k,, = 0,m € {3,...,M}) are compared
in Fig. 1, where we also show empirical data. It is obvious that
(14) provides an excellent fit for both the rectangular and Hann
window. As the additional cosine-terms in (13) and (14) have
zero mean with respect to g, the quefrency average of the cep-
stral variance var{s,} for arbitrary spectral correlation equals

+ (m0+22 lnmcos(qul)), forqi = qo.qn € {1,.... 5 —1}
COV{Sql7sq2} - % (’%0 + 2Zm:1 Rm COS(mﬁfh)) ) for Q1 =q2,q1 € {07 %} (13)
0, forq1 # q2
M -
o) Z(C@m + 20y mmeo{m¥a)), a€ {05} "
! % (C( W)+ ZZm 1 Em cos(mN q)) , else.
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Fig. 1. Cepstral variance for a pink Gaussian time-domain signal analyzed with
a nonoverlapping rectangular analysis window w,, in (2) and a Hann window
with half-overlapping frames. The empirical variances are compared to the the-
oretical results in (14) with k., = 0,m € {1,..., M} for the rectangular
window and k; = 0.507,k2 = 0.028,%,, = 0,m € {3,..., M} for the
Hann window. The sampling rate is f; = 16 kHz and N = 512.

the cepstral variance for a rectangular window and is thus inde-
pendent of the chosen analysis window w,,:

N/2
- 1
var{s,} = = > vgvar{s,} = ((2.w)/N.  (19)
q=0
with

The coefficients v, account for the symmetry of the cepstrum
and the different variances at the DC and Nyquist bin in (14). In
this way the cosine terms in (14) cancel out and the modified
average variance of the cepstral coefficients var{s,} and the
degrees of freedom 2 4 are directly related.

IV. STATISTICAL PROPERTIES AFTER CEPSTRAL
VARIANCE REDUCTION

In this section, we approximate the distribution of spectral
amplitudes after CVR by the parametric x-distribution. From
experimental results in Section VI it can be seen that this ap-
proximation is valid. From (19) we see that CVR increases the
parameter p of the y-distribution. Then, due to (7), changing
1 also changes the spectral power af’ - Hence, a variance re-
duction in the cepstral domain results in a bias in the spectral
power that can now be accounted for. In the following, we de-
note parameters after CVR by a tilde. We will discuss CN and
TCS separately.

In CVR by CN, a set of cepstral coefficients is set to zero [8],
[9]. Then, the average variance after CVR can be determined as

N/2

var{s,} = % Z vgvar{s,}b,, 21
q=0

where s, are the cepstral coefficients s, after CVR, the indicator
function b, € {0,1} sets certain cepstral coefficients to zero,
and v, is defined as in (20).
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For TCS, the cepstral coefficients are recursively smoothed
over time with a quefrency dependent smoothing factor «,

$q(1) = agsq(l = 1) + (1 = ag)sq(l).

For uncorrelated successive signal segments, the average cep-
stral variance can be determined by

(22)

R
var{s,} = N Zl/qvar{sq}
q=0

)
1+ a4
which is also valid for Hann spectral analysis windows with
50% overlap. For higher signal segment correlation, the average
variance after CVR, var{s, }, can be measured offline for a fixed
set of recursive smoothing constants «,. For a given u of the
spectral amplitudes before CVR, the cepstral variance can be
determined via (14) and thus the average cepstral variance after
CVR, var{s,}, via (21) or (23).

With a known average cepstral variance, the parameter j; can
be implicitly determined using

¢(2,1) = Nvar{s,} 24)

where 2 11 are the degrees of freedom after CVR. In a practical
application, the relation between g and (2, 1z) can be stored in
a table. .

The spectral power bias O'Z’ /02, can then be determined
using (7), as ’

log (024/02,.) = F{log(|Skl*)} — hu) + log(s)
— (B{log(ISk[*)} = ¥(7) + log(7)). (25)

It can be seen from (25) that, CVR changes the signal power
for two reasons: first, the spectral shape is changed, and sec-
ondly, the degrees of freedom are changed. While a signal
power reduction due to the former is a desired property of
CVR, a signal power reduction due to the latter is not desired
and shall be compensated. The former is desired, because
changing the spectral shape is actually the aim of CVR, e.g.,
eliminating babble burst in speech enhancement [5], [6]. A
compensation of only the latter can be achieved by setting
F{log(|Sk|?)} = E{log(|Sk|?)} in (25). We thus obtain the
frequency independent factor

22— ng/l;zvk = H o)~ (26)

k1T s, i

that is applied to all spectral bins as
S| = r|Sk]. 27)

Therefore, we obtain cepstrally-smoothed spectral amplitudes
|Sk| with reduced cepstral variance which are approximately
x-distributed (4) with 21 degrees of freedom and have the cor-
rect signal power. The algorithm for computing unbiased signal
power estimates after CVR is summarized in Algorithm 1. Note
that the bias correction r depends only on x4 and fi. For a fixed
set of smoothing parameters o, or b, the bias correction 7 is
thus fixed and independent of the segment index /.
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Algorithm 1: Bias compensation for temporal cepstrum
smoothing (TCS) and cepstral nulling (CN)

1: If unknown, determine the degrees of freedom 2 p
using an empirical estimation of var{s,} from
representative data and (19):

N/2

(2, 1) = Nvar{s,} = Z vgvar{sq},

q=0

with v, defined in (20).
2: Determine the correlation of neighboring
log-periodogram bins k., via (16):

oo o0 2
_ 2
Km = § :An,u,pm(Bn,u,Pm) - E Anpopon Brpi, oo
n=0 n=0

with A, B, p,, defined in (17), (18), and (12).
3: Determine the cepstral variance before CVR via
(14).
for all signal segments [ do
if smoothing parameters b, or oy have changed
then
6: determine the average cepstral variance after
CVR,
¢ in the case of CN (21):

Al

L V72
var{s,} = N Z vgvar{s,}by,
q=0

* in the case of TCS (23):

1 & 1

- r ~3 —

var{s,} = N E vgvar{s,} T aq'
q=0 1

7 Determine the degrees of freedom 2/; after CVR
(24):

((2,7i) = Nvar{a,}.
8: Compute signal power bias (26):
r2 = ng/a = B i) —in)
’ ’ H
9:  endif
10:  Apply bias correction (27):
[Sk(D] = 1Sk (D]

11: end for
In a practical application, the relation between /i and
¢(2, 1) = Nvar{s,} can be stored in a table.

V. MEAN OF THE CEPSTRUM

In this section we derive the mean of the cepstral coefficients.
We generalize the results of [19] and [8] and [9], where pn = 1
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Fig. 2. CVR by TCS for a stationary pink Gaussian-distributed signal and
nonoverlapping rectangular spectral analysis windows w,, in (2). We use the
same smoothing constants as in [6]. We first present (a) the spectrogram of the
signal before CVR , then (b) the spectrogram after CVR and bias correction.
In (c), the signal segment energies before CVR, after CVR, and after CVR
and bias correction are given. (d) compares the derived distributions to the
histograms of the spectral amplitudes |« | for & = 111 before CVR, | S%|
after CVR, and | S| after CVR and bias correction. Here N = 512 and the
sampling rate is f; = 16 kHz.

is assumed. Due to the linearity of the inverse discrete Fourier
transform IDF'TY - } and (7), the mean value of the cepstral co-
efficients defined by (3) is given by

B{sq} =IDFRE{log Py} }
=IDFT{logo? ;. } — IDFHlog ju, — ()}

=IDFT{logo? ,} — ;. (28)
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Fig. 3. CVR by TCS as in Fig. 2 but with half-overlapping Hann windows
w,, in (2). In (a) the signal segment energies before CVR, after CVR, and after
CVR and bias correction are given. (b) compares the derived distributions to
the histograms of the corresponding spectral amplitudes.

Therefore, even for white signals, when 03 & 1S constant over
]

frequency, the mean of the cepstral coefficients is not zero for
q > 0 but —¢,. When

_,{u/2, k € {0, N/2}
i =
78 else

the deviation €, results in

¢q = IDFT{log pux — (i)}

A2 (logp—(n) + % (log 4 —¢(5)), ¢=0

=19 & (log5 —4(%5)) — F(ogu—¥u)),  godd
0, q even.
(29)

If i, = p is constant for all &, as assumed in [8], [9], the devi-
ation results in

%:{bgm—ﬁm,q:o

0, else.

Because in the CVR method proposed in [8] and [9] certain cep-
stral coefficients are set to zero, better performance is achieved
when the cepstrum actually has zero mean for white signals.
Such an alternative definition of the cepstrum is given by 5, =
sq + €. However, since typically ¢, < var{s,} for ¢ > 0,
the influence of the mean bias ¢, given in (29) is of minor im-
portance. For a temporal cepstrum smoothing, as proposed in
[5] and [6], zero-mean cepstral coefficients are neither assumed
nor required.
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Fig.4. CVR by CN for the signal in Fig. 2(a) using nonoverlapping rectangular
spectral analysis windows w,, in (2). Cepstral coefficients ¢ > N/16 are set to
zero. We first present the spectrogram after CN and bias correction (a). In (b)
the signal segment energies before CVR, after CVR, and after CVR and bias
correction are given. (c) compares the derived distributions to the histograms of
the corresponding spectral amplitudes.

VI. EXPERIMENTAL RESULTS

In this section we show that Algorithm 1 successfully com-
pensates for the signal power bias introduced by CVR. After
providing results for a stationary colored signal, we also apply
the bias compensation in a practical scenario, namely the a
priori speech power estimation proposed in [6].

A. Stationary Colored Signal

Here we apply CVR to a stationary colored Gaussian dis-
tributed signal. In Figs. 2 and 3 we present the results for TCS
using a rectangular and a Hann spectral analysis window in (2),
respectively. In Figs. 4 and 5 we present the results for CN using
a rectangular and a Hann spectral analysis window in (2), re-
spectively. From the presented results, we see that CVR intro-
duces a signal power bias, and that this bias is successfully com-
pensated with Algorithm 1. Further, we compare the histograms
of spectral amplitudes before and after CVR with and without a
bias compensation to the derived probability density functions.
It may be seen that the algorithm for estimating the degrees of
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Fig. 5. CVR by CN as in Fig. 4 but with half-overlapping Hann windows w,,
in (2). In (a) the signal segment energies before CVR, after CVR, and after
CVR and bias correction are given. (b) compares the derived distributions to the
histograms of the corresponding spectral amplitudes.

freedom after CVR works well, as an excellent match for the
histograms and the derived probability density functions may
be observed.

B. A Priori Speech Power Estimation

Now, the bias compensation method is applied in a practical
scenario, namely the TCS based a priori clean speech power
estimation algorithm for speech enhancement proposed in [6].
There, a maximume-likelihood estimation of the a priori clean
speech power |Sy(1)|? is temporally smoothed in the cepstral
domain to obtain the smoothed a priori speech power estimation
|S1 (1) 2. The benefit of a smoothing in the cepstral domain is that
in the cepstral domain, speech is very compactly represented,
namely by few lower cepstral coefficients representing the
speech spectral envelope and a maximum in the upper cepstrum
representing the speech fundamental period. On the other hand,
estimation errors that lead to spectral outliers change the fine
structure of the spectrum, which is represented by the upper
cepstral coefficients. Thus, to reduce spectral outliers without
affecting the speech signal, only little smoothing is applied to the
speech related cepstral coefficients and strong smoothing to the
remaining cepstral coefficients. However, dugvto the CVR, the
smoothed a priori speech power estimation |S,(1)|* will be bi-
ased as compared to | Sy (1) |?. In Fig. 6 it may be seen that this bias
can be successfully compensated with the proposed Algorithm 1,
yielding the smoothed unbiased speech power estimate |y, (1)|?.

For the simulation we used nonoverlapping rectangular spec-
tral analysis windows. We estimate the degrees of freedom before
CVR, 2 1, by measuring the average cepstral variance var{s,}
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Fig. 6. Spectrogram of the a priori speech power estimation |Sk(7)|* before
CVR (a) and | Sy (1)|? after CVR and bias compensation (b). In (c) the signal
segment energies before CVR, after CVR, and after CVR and bias compensa-
tion are given. The speech signal is disturbed by nonstationary traffic noise at
a signal-to-noise ratio of 0 dB. The noise power estimation is done using the
minimum statistics approach [1]. Here N = 512 and the sampling rate is f, =
16 kHz.

and using the relation (2, u) = Nvar{s,}. We thus obtain i =
0.37. We use the same smoothing constants as in [6]. As in [6]
the smoothing constant «, in (22) varies from signal segment to
signal segment, a different bias 7 is introduced in each segment [.
Note that the computational simplicity of Algorithm 1 allows
for an individual computation of the signal power bias r in each
signal segment [ (steps 6-8 of Algorithm 1).

VII. CONCLUSION

We analyzed the effect of a cepstral variance reduction on
the statistical properties of spectral amplitudes. We have shown
that after a cepstral variance reduction the distribution of spec-
tral amplitudes can be approximated by a y-distribution with an
increased number of degrees of freedom and decreased signal
power. As a change in signal power is generally not desired,
we propose a signal power bias correction based on the statis-
tical properties of cepstral and spectral coefficients. The pro-
posed bias correction results in a simple scaling of the spectral



4172

amplitudes and is fixed for a fixed set of cepstral variance re-
duction parameters. However, as the determination of the bias
correction factor is computationally inexpensive, it can be com-
puted on a segment-by-segment basis if the smoothing parame-
ters change.

APPENDIX A
DERIVATION OF (10)

In this appendix, we show that the covariance of the cep-
stral coefficients can be obtained by taking a two dimensional
discrete Fourier transform of the covariance of the log-peri-
odogram. With the definition of the cepstrum (3) we obtain (31)
shown at the bottom of the page.

COV{S(N Sqo }

- E{ Sqp — E{S(h )(5(12 - E{qu}>*}

N-—1
1
= E{ N kzzo (logpkl - E{IOng1}) el

Lkiqa

N-1

! 27

N Z (IOngQ - E{IOngQ}) e]Tkzqz}
ko=0

N—-1 N-1

Z Z COV{IOng“lOngZ} eJQTr‘h k1

ko=0Fk,;=0

1
:m

X 6*1%42’62 .

(30)

APPENDIX B
CEPSTRAL COVARIANCE FOR CORRELATED
SPECTRAL COEFFICIENTS

In this Appendix, we derive an explicit expression for the
covariance of cepstral coefficients, when the log-periodogram
bins are correlated. The derived results hold for large N as
usually used in speech enhancement applications. For large

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 57, NO. 11, NOVEMBER 2009

N, the covariance matrix of the log-periodogram can be ap-
proximated by a N x N symmetric Toeplitz matrix defined by
the vector [Hg, RKlgeeos K/N/27 Iﬁ:N/2+1, K}N/Z, HN/2—17 ey Hl],
where we neglect the fact that for & € {0, N/2} the variance of
the log-periodogram is larger than k¢, as we have less degrees
of freedom than for k ¢ {0, N/2}. The covariance of the
cepstral coefficients is obtained by taking a two dimensional
discrete Fourier transform, as presented in Appendix A. As
in general the spectral covariance r,, introduced by tapered
spectral analysis windows rapidly decreases with increasing m,
we assume that k., = 0 form > M and M < N/2+ 1. Then,
the covariance of cepstral coefficients results in (31), shown
at the top of the next page. Note that (31) is the result for the
full symmetric cepstrum ¢ € {0,...,N — 1}, while in (13)
the solution for the lower symmetric part ¢ € {0,..., N/2} is
given.

In Fig. 7 the covariance matrices of the log-periodogram and
the cepstral coefficients are illustrated. There, the periodogram
bins are obtained from a computer generated white Gaussian
time domain signal. The spectral analysis (2) is obtained with a
Hann spectral analysis window w,, and N = 16. As N is rel-
atively small, a slight correlation may be observed in Fig. 7(b)
when ¢; and ¢ are even, or ¢; and ¢y are odd. These correla-
tions arise from the fact, that for & € {0, N/2} the variance of
the log-periodogram is larger than x(, which we neglected in
the derivation of (31). However, the resulting correlations drop
with 1/N?2 [19]. For segment sizes NV, as usually used in speech
processing, these correlations are insignificant, i.e., the cepstral
coefficients are asymptotically uncorrelated for large N.

APPENDIX C
SPECTRAL CORRELATION FOR A HANN WINDOW

In this Appendix we derive the correlations p; and p» for a
Hann window, with p,,, defined in (12).

| Nl M -
cov{sy,, 8¢ } = Nz Z (2%0 cos<—q1k2> + Z 2bm <cos<ﬁq1(k‘2 - m))
ko=0 m=1

2 2
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Fig. 7. The covariance matrix of the log-periodogram cov{log(Py, ),
log(Pr,)} (a) and the cepstral coefficients cov{s,,,s,,} (b). The peri-
odogram bins are obtained from a computer generated white Gaussian time

domain signal s(n), a Hann window with 50% overlap, and N = 16.

The multiplication of the time domain signal with the window
function w,, in (2) results in a convolution of the uncorrelated
spectral coefficients Uy, with the Fourier domain representation
of the window function Wy, = DFT{w, }, i.e., Sx, = Uy * Wy,
where the asterisk denotes convolution and DFT{-} the discrete
Fourier transform. For a normalized discrete Hann window we

obtain the correlated frequency coefficients

1 2 1
Sk = _\/gUk—l + \/;Uk - \/gUk-i—l-

(32)

. S22, 2
Because Uy, is spectrally uncorrelated, with oj._; = o} & 0,4

and E{|Ux|?} = oF we have

E{|Sk|*} = 0.
For the covariances we obtain with (32)

" 1 1
E{Sk5k+1} = —3013 - 5013“’

. 1
E{5k5k+2} = —60134-1-

(33)

(34)

(35)
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2 ~

Thus, with o} _, ~ o ~ o}, and (12) we have p; = 2/3 and
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